We investigate the spin-current absorption induced by an inhomogeneous spin-orbit coupling due to impurities in metals. We consider the system with spin currents driven by the electric field or the spin accumulation. The resulting diffusive spin currents, including the gradient of the spin-orbit coupling strength, indicate the spin-current absorption at the interface, which is exemplified with experimentally relevant setups.
I. INTRODUCTION
Spintronics aims to utilize not only the charge degree of freedom but also the spin degree of freedom 1 . Spin currents are an important notion in spintronics from the aspect of both basic and applied science. Spin currents are generated by a current injection into a ferromagnet or spin pumping using the magnetization precession 2, 3 . Other methods to generate spin currents are the spin Hall effect [4] [5] [6] or the excitation of the spin wave 7 . In the development of spintronic devices, techniques to detect spin currents efficiently are indispensable as well as the spin-current generation. For instance, spin currents have been successfully detected via the inverse spin Hall effect [8] [9] [10] . Due to this effect, spin currents are converted into electric currents and therefore are observed as a voltage drop. The electric voltage induced by the spin current has been observed in a lateral junction of a ferromagnetic metal and a nonmagnetic metal with spin-orbit coupling (SOC) such as aluminum 8 or platinum 9, 10 . In particular, platinum is a typical spin-current detector because of its strong SOC due to impurities, which is used to absorb a spin current 7 .
Kimura et al. demonstrated the spin-current detection via the inverse spin Hall effect and suggested that the absorption of the spin current occurs from the Cu cross into the Pt wire 10 . They explained the spin-current absorption using the resistance mismatch for the spin current. Namely, they defined the spin resistance as R s = λ/[σS(1 − P
2 )] with the spin diffusion length λ, the spin polarization P , the conductivity σ and the effective cross-sectional area S for the spin current, and then considered that the spin current flowing in a material is absorbed into the adjacent material with smaller spin resistance 10, 11 . Since platinum is a strong spin-orbit coupled material while copper is a weak one, the spin resistance of Pt is smaller than that of Cu and hence the injected spin current in the Cu cross is partly absorbed into the Pt wire. Here, the difference of the SOC strength, i.e., the inhomogeneous SOC is the key to the absorption of spin current. As shown above, the physics of the spin-current absorption induced by an inhomogeneous SOC has been understood only phenomenologically, in that previous theories involve the phenomenological parameters such as the spin-diffusion length or the spin resistance 12, 13 and microscopic theories of the spincurrent absorption are missing. The spin Hall effect [14] [15] [16] and the spin-current generation 17 due to an inhomogeneous Rashba SOC have been theoretically examined. Also, a spin current generation near an interface due to interfacial spin-orbit coupling has been investigated 18 .
In the present work, we consider the spin-current absorption as follows. In general, the spin-continuity equation for spin-orbit coupled systems has a source term:
Here, s α , j α s and T α represent the spin density, the spin current and the spin torque (or source term) with α being a component in spin space, respectively. Thus, the divergence of spin currents in the steady state is non-zero and therefore leads to the generation of spin currents. We refer to a spin-current generation induced near an interface between different spin-orbit coupled materials or due to an inhomogeneous SOC as the spin-current absorption. On the other hand, the spin-current absorption in previous phenomenological studies is based on the continuity of a spin current at an interface, and therefore absorbed spin currents are not generated ones at the interface.
In this paper, we theoretically examine the spincurrent generation induced by an inhomogeneous SOC due to impurities. We consider the spin-current absorption in systems where spin currents are generated by an external electric field in Sec. II. In Sec. III, we also investigate systems where spin currents are induced by spin accumulation. We present analytical expressions of the spin currents as a response to the gradient of the SOC strength. Then, we apply these results to the vicinity of the interface between metals with different SOC strengths, verifying the absorption of spin currents. Section IV is devoted to the discussions. We summarize the paper in Sec. V.
II. ABSORPTION OF SPIN CURRENT DRIVEN BY EXTERNAL FIELD

A. Model and Formalism
We consider the ferromagnetic conductor in the presence of the spin-orbit scattering due to impurities [19] [20] [21] [22] and assume that the coupling constant of the spin-orbit scattering slowly varies in space. This spatial variation of the SOC has not been considered so far. In order to address the spin-current absorption, we describe the input spin current by the spin-polarized current flowing in a ferromagnet under an external electric field. The total Hamiltonian is thus composed of the free-electron part with the exchange coupling (H FM ), the impurityscattering part (H imp ), the SOC due to impurities with its minimal substitution (H 0 SO + H A SO ), and the interaction between the vector potential and the electric current (H em ):
H em = e 2mi σ=±1 dr A(r, t) · c † σ )c σ . σ = 1 and σ = −1 correspond to the up (↑) and down spins (↓), respectively. We set ǫ F σ ≡ ǫ F + σM with ǫ F the Fermi energy and M the exchange energy. λ SO (r) represents the SOC strength with spatial variation, averaged over the impurity positions. A(r, t) is the vector potential for the external electric field and we adopt the fixed gauge as E em = −Ȧ. U (r) is the short ranged random impurity potential and averaging over the impurity positions is carried out as
, where u 0 and n imp are the strength of the impurity potential and the impurity concentration, respectively. Here, we assume that the exchange field is much stronger than the stray field and hence we neglect the effect of the stray (magnetic) field in our model. Note that, in the Hamiltonian H 0 SO , the operator ∇ does not act on λ SO (r).
The quantum description of the spin current is obtained by identifying the Heisenberg equation of motion for the spin density with the spin-continuity equation 22, 23 . The spin current operator in the idirection with α-spin polarization reads
The spin current is thus given by (see also Fig. 1 )
Here,
] denotes the timeordered Green's function (Keldysh Green's function) of the total Hamiltonian and
< means taking the lesser component of the Green's functions and tr[· · · ] means taking trace over spin.
We perturbatively calculate the spin currents induced by the inhomogeneity of the SOC strength using the Keldysh Green's function formalism. We consider H FM + H imp as the non-perturbative part and H 0 SO , H A SO and H em as perturbative parts. We remark that the nonperturbative Green's function contains the self energy by the impurity scattering within the first Born approximation. Within the linear response with respect to the electric field, the second part of the spin currents in Eq. (7) corresponds to an equilibrium spin current, and therefore we ignore this contribution. The leading contributions of the spin current contain the first order term with respect to the SOC strength λ SO . Since we are interested in spin currents generated by the inhomogeneous SOC strength, we focus on the contribution with the spatial derivative of the SOC strength. The third part of the spin currents, on the other hand, does not involve the spatial derivative of the SOC strength. Consequently, the first part of Eq. (7) is relevant to our study.
B. Local spin current
We first treat the local spin current, which is driven by the external electric field locally. The diagrams of the local spin current are shown in Fig. 2 . The inhomogeneity of the external electric field is required when we discuss the leading effect driven by an inhomogeneous SOC strength. Namely, the leading contribution of spin currents involving the derivative of the SOC strength has the form ∂λ SO ∂E em . The reason is as follows. Spin current and electric field are odd under spatial inversion, while λ SO and other quantities are even with respect to spatial inversion. Therefore, the leading terms including spatial derivative of the SOC have the forms of ∂ 2 λ SO E em or ∂λ SO ∂E em . We focus on the contributions ∂λ SO ∂E em by assuming ∂ 2 λ SO is negligibly small in this section. Now, we present the resulting local spin currents. (For the detail of the calculation, refer to Appendix A.) Under the condition ǫ F σ ≫ /2τ σ (≡ η σ ) with τ σ ≡ /2πu 2 0 n imp ν σ the spin-dependent relaxation time and ν σ the density of state with spin index σ = ±1, we obtain three types of the spin currents induced by an inhomogeneous SOC (j α s )
where C ≡ πe 2 2m (ν ↑ + ν ↓ ). The detailed expressions of α i , β i , and γ i (i = 1, 2) are given in Appendix A. For α = z, the second terms of Eqs. (8) , (9) and (10) vanish. It should be noted that even when M goes to zero, the spin currents still have finite contributions and become isotropic in spin space. Therefore, the magnetization is not indispensable for the spin-current generation itself. We calculate the diffusive (or non-local) spin current, which can be obtained by including the vertex correction to the local spin current. Here, the vertex correction means the summation of the ladder diagram with respect to the normal impurity potential as shown in Fig. 3 (c). Since we focus on the diffusive behavior of the spin current induced by the exchange coupling, the ladder diagram does not involve the spin-orbit coupled impurities. We consider two types of the vertex correction, i.e., that for the spin-current operator ( Fig. 3 (a) ) and that for the vector potential ( Fig. 3 (b) ). The vertex correction that cuts across the impurity-averaged line is negligible because it is of higher order in η σ 22 . For the diffusive contribution under the condition ǫ F σ ≫ /2τ σ , we obtain two types of the spin currents induced by the inhomogeneous SOC (j
. (13) Here,
represent the spin-diffusion propagators.
There does not exist the diffusive-spin current contribution which corresponds to (j
in that only the divergence of the external field propagates.
D. Spin-current absorption
Let us consider a concrete configuration to show the absorption of the spin current by the inhomogeneous SOC. We suppose that an external electric field is applied to a ferromagnetic metal and therefore a spinpolarized current flows in the y-direction as shown in Fig. 4 . Here, we assume that the applied electric field varies smoothly in space from the ferromagnet to the attached non-magnetic metal with SOC, which is modeled as E em (r) = E y 1+tanh(−z/ξE ) 2 e y where ξ E is of the order of the lattice constant. We also assume λ SO (r) = λ SO θ(z). In the perturbative calculation, we have considered a smoothly varying SOC strength. However, this sharp spatial variation of the SOC would give a qualitatively correct results. 22 In the present configuration, a spin-polarized current induced by the external electric field flows in the direction parallel to the interface. Therefore, our setup is different from that of the spin-current injection.
The local spin current in the present configuration is generated when λ SO and E em vary in space, i.e., only near the interface between the ferromagnetic metal and the spin-orbit coupled metal. Hence, the local spin current is not generated in the bulk spin-orbit coupled metal. We thus focus on the non-local spin current as the spin-current absorption. Since only (∇λ (11)) appears in the present configuration. From Eq. (14), the spin-diffusive propagator in the static limit (Ω → 0) reduces to
where
. Therefore, we obtain the spin currents for each spin component from Eq. (11):
Here
which represent the spin diffusion length and the wave number for each spin, respectively. Here, we used the assumption b ≫ l σ s with b the diameter of the interface 22 .
We find that spin currents are induced perpendicularly to the interface between the ferromagnetic metal and the spin-orbit coupled metal, and then decay exponentially in an oscillatory fashion as shown in Fig. 4 . This exponential decay is due to the spin-flip scattering by the magnetization in the ferromagnet and also the oscillatory behavior originates from the difference between the Fermi wave numbers for each exchange spin-split bands. The above spin currents are spin-polarized perpendicularly to the spin polarization of the input spin-polarized current (namely, z component). This reflects the violation of the conservation law of spin near the interface, and in other words, spin torque generated at the interface produces the present spin-current absorption.
It is also found that the magnitudes of the resulting spin currents in Eqs. (20) and (21) + in the clean limit (τ σ → ∞ (σ =↑, ↓)). Namely, the magnitude of the absorbed spin currents gets reduced in clean ferromagnets. This is due to the competition between the two effects of impurity scattering. In general, a SOC due to impurities in clean ferromagnets is weak due to low impurity concentration, leading to a small spin current. On the other hand, low impurity concentration leads to a large spin current since impurity scattering is suppressed. When the former effect overcomes the latter, spin currents are expected to be suppressed in clean ferromagnets. Finally, we note that for junctions composed of a weak spin-orbit coupled ferromagnet and a strong spin-orbit coupled nonmagnet (namely, λ SO (r) = λ In this section, we examine the spin-current absorption originating from the variation of the SOC strength in systems with spin accumulation. These systems are modeled by the conducting electrons in the presence of the gradient of the spin-dependent chemical potential and that of the SOC strength. Our Hamiltonian consists of 
Here, we have defined the spin accumulation as the difference between spin-up and spin-down chemical potentials, namely, µ s (r) :=
12,13
This spatial distribution of spin accumulation leads to a diffusive spin current. In the following, we will also assume the chemical potential µ(r, t) to be constant.
B. Spin-current
We will calculate the spin current corresponding to the diagrams in Fig. 3 in a similar manner to the previous section. Here, we have replaced the vector potential A(q, Ω) with the spin accumulation µ s (q, Ω) in the diagrams of Fig. 3 . We consider H 0 as the nonperturbative part and H acc , H imp and H 0 SO as perturbative parts. In this section, we adopt the self energy including both the normal and the spin-orbit coupled impurity potentials 22, 24 . We also treat only the vertex correction for the spin-current operator 22 . This correction provides a finite decay length of the spin current determined by the SOC strength. After taking the lesser component of the Green's functions and averaging over impurity positions, the spin current shown in Fig. 2 (a) and (b) reads
For the expression of χ αijkm , refer to Appendix C. In the same manner as in the previous section, we expand the coefficient χ αijkm with respect to u and q. According to the inversion operation r → −r, it is found that only the contributions with an odd order of u and q remain. Now, we perform the vertex correction
withχ αijk being the vertex-corrected coefficient and Γ ad,cb being the vertex correction corresponding to the ladder diagram including the normal and the spin orbit coupled impurities 22 . The contributions from the vertex-corrected coefficient with the first order of u or q vanish, and hence the leading contribution in the diffusion regime is of the third order of u and q:χ αijk = χ αijkm , we obtain the expression of the spin current:
is the spin-diffusive propagator with κ ≡ λ 29), ξ determines the decay length of the spin current.
As for the other contributionχ
αijkm , we obtain the spin current of the form:
where ζ (2,1) ≡ 608π 2 τ ν 45m ǫF τ 2 . Here, we have focused on the diffusive spin currents, corresponding to contributions with the vertex correction. It is found that if the scales of spatial variations of λ SO (r) and µ s (r, t) are nearly the same, the magnitude of the spin current (j α s )
is larger than that of (j α s )
by the factor of ǫ F τ / .
C. Spin-current absorption
Let us consider a typical configuration in order to investigate the spin-current absorption. We assume that two non-magnetic metals with different SOC strengths are connected at the z = 0 plane as shown in Fig. 5 . In addition, there exists a gradient of the spin accumulation along the y direction in one of the metals. In the vicinity of the z = 0 plane, we assume that λ SO (r) = λ SO (z) and µ s (r, t) = µ s (y, z, t), leading to
The first term of the right hand side in Eq. (32) represents the interplay between the variation of the SOC strength and that of the input spin current near the interface. Note that spin current is induced by the gradient of the spin accumulation without SOC. 13 On the other hand, the second term comes from the variation of the SOC strength and uniform input spin current. Remark that a spin current polarized along the y-axis is generated as a response to that polarized along the z-axis. Similar to the absorption of spin currents driven by an external electric field, a spin current absorbed into the top metal is non-local, and diffusive spin current decays due to the spin-orbit coupled scattering as seen from Eq.(29). 
IV. DISCUSSION
In the present study, we have focused on diffusion of spin currents including the gradient of the SOC strength. However, there also exists a diffusion of spin currents irrelevant to the difference of SOC strength as shown in Fig. 5 . We can extract the former contribution by comparing spin currents in the triple lateral spin valves using middle junctions with different SOC 11 . In fact, the absorption of non-local spin currents has been successfully demonstrated in the spin-valve measurement consisting of double Py/Cu junctions and middle Au/Cu junction 10,11 .
Since the argument based on the mismatch of the spin resistance by Kimura et al. 12 assumes the continuity of a spin current, the absorbed spin currents are not those generated at an interface. Consequently, the absorbed spin currents in our theory are of different origin from those in the theory based on the spin-resistance mismatch. Hence, we cannot compare our results with previous results directly. Both studies show the spin-current absorption with different mechanisms.
In asymmetric structures, conduction electrons at its interface in general feel a Rashba SOC 25 , leading to the spin polarization under an external electric field or current injection 26 . In the configurations of Figs. 4 and 5, there would exist a Rashba SOC at their interfaces. The current-induced spin polarization due to the Rashba SOC may affect the absorption of spin currents predicted in our models.
V. SUMMARY
We have investigated the generation of spin currents by an inhomogeneous SOC due to impurities, which have been applied to the interface system to show the spincurrent absorption. Using the Keldysh Green's function formalism, we have presented analytical expressions of the spin currents with the gradient of the SOC strength for two systems: the system with field-driven spin currents and one with spin-accumulation-driven spin currents. The resulting spin current indicates the absorption of the spin current at the interface between materials with different SOC strengths.
In the present study, we assumed a homogeneous magnetization. The extension of our model to an inhomogeneous magnetization is also an interesting future work. We perturbatively calculate the spin currents induced by the inhomogeneity of the SOC strength using the Keldysh Green's function formalism. We first treat the local spin current, which is locally driven by the external electric field. The leading contribution of the spin current involves the first order with respect to the SOC strength, which is diagrammatically shown in Fig. 2 Ωe
where the superscripts "sj" and "sk" denote the side-jump and the skew-scattering contributions, respectively, 27 and each coefficients are given by
Here, g
k,ω=0 , and g R k,ω and g A k,ω denote the non-perturbative retarded and advanced Green's function, respectively, which are 2 × 2 matrices in spin space. We also use the Langreth's method to obtain
ω with f (ω) the Fermi distribution function 28 . Here, we set temperature to zero, i.e., f ′ (ω) ≃ −δ(ω).
Since we are interested in spin currents produced by the inhomogeneous SOC strength, we focus on the contribution which involves the spatial derivative of the SOC strength. After some algebraic calculations, we obtain the above coefficients represented as
Here, we assumed the rotational symmetry of the system, i.e.,
. We remark that if we do not consider the inhomogeneity of the external electric field, the present contributions vanish. The inhomogeneity of the external electric field is required to obtain the contributions from the inhomogeneous SOC strength.
Next, we take traces over spin space in Eqs. (A5) and (A6) by using the formula tr[σ 
Here, we define integrals of the Green's functions appearing in the above expressions as
. We sum up Eqs. (A7) and (A8) and consider the dominant contribution from the integrals of the Green's functions under the condition ǫ F σ ≫ /2τ σ . By carrying out the integrals of the Green's functions in Eqs.(A9-A11) and transforming to the real-space representation, we obtain the local spin current of the form
Here, each coefficients are dimensionless and given by
and
Appendix B: Calculation of diffusive spin current
We calculate the diffusive (or non-local) spin current, which is represented by the vertex correction to the local spin current. This can be performed by replacing χ αijklm and χ αikm in Eqs. (A1) and (A2) withχ αijklm = Γ m u,q Π u,q χ
Expanding with respect to u or q, we obtain the leading contributions as follows
Next, we take traces over spin space in Eqs. (B7), (B8) and (B9) in a similar manner to the local spin current, and then the diffusive spin currents are reduced to 
By carrying out the above integrals of the Green's functions and transforming to the real-space representation using
′′ ·q e −iΩt ′ , we obtain the diffusive spin current of the form
Mη+((1+σ)η
Appendix C: Calculation of spin current driven by spin accumulation
The spin current shown in Fig. 2 (a) and (b) reads
As for the above coefficient χ αijkm , the contribution involving two q's and one u is calculated as follows;
The resultant spin current reduces to 
Now we perform the vertex correction χ αijkm tr σ α σ k σ z →χ αijk a,b,c,d,e σ α da Γ ad,cb σ k be σ z ec with Γ ad,cb being the vertex correction corresponding to the ladder diagram including the normal impurity and the SOC due to impurities 22 , andχ 
Γ S (q, Ω) = (1 − κ)(1 + 3κ) 2(4κ + (Dq 2 + iΩ)τ ) , 
with ν being the density of state. We remark that the spin-diffusion propagator is given by 
On the other hand, the contribution involving two u's and one q is given as follows; χ (2,1)
The corresponding spin current reduces to 
